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Evaluation of Explicit Algebraic Reynolds-Stress Models
for Separated Supersonic Flows

Donald P. Rizzetta
U.S. Air Force Research Laboratory, Wright–Patterson Air Force Base, Ohio 45433-7913

High-Reynolds-number supersonic � ow� elds were generated numerically to assess the performance of three
explicit algebraic Reynolds-stress turbulence models. The con� gurations consist of a shock/boundary-layer inter-
action and a 24-deg compression ramp, both of which exhibit an appreciable region of separated � ow. Solutions
were also obtained using standard zero-equation and k– models. Details of the computations are summarized,
and the accuracy of numerical results is established via grid resolution studies. Comparisons are made with ex-
perimental data in terms of surface pressure and skin friction, as well as off-surface pro� les of mean velocity and
componentsof the Reynolds-stress tensor. For the � ows considered here, it is found that the algebraic-stress models
offer little improvement over existing closures.

Nomenclature
C f = skin-friction coef� cient
k = turbulence kinetic energy
l = reference length, 1.0 m
M = Mach number
p = static pressure
Re = reference Reynolds number
u = Cartesian velocity component in x direction
u u u = components of the Reynolds-stress tensor
x y = nondimensionalCartesian coordinates in

streamwise and vertical directions
y = law-of-the-wall coordinate

x y = mesh spacing in streamwise and vertical
directions

0 = undisturbed boundary-layer thickness
= displacement thickness
= turbulence energy dissipation
= momentum thickness

Subscripts

= wall value
0 = upstream undisturbed value

= freestream value

Introduction

A DVANCES in numericalalgorithmsand increasesin the speed
and storage capacityof computingmachineshavemade it pos-

sible to simulate intricate high-Reynolds-number � ow� elds about
large-scale con� gurations. Because it is still not feasible to resolve
the � nest scales inherent in such � ows, effects of turbulence must
be accounted for through modeling. The utility of these computa-
tions is, therefore, limited by the ability of turbulence models to
accurately reproducedominant features of the � ow physics.

Most common modelsemploy the Boussinesqhypothesis,where-
by turbulent stresses in the averaged momentum and energy equa-
tions are assumed to equal the product of an effective isotropic
viscosity coef� cient and the strain rate of the mean � ow. The eddy-
viscosityconcepthasgainedpopularity,particularlyfor engineering
use, because of its ease of implementation and its favorable perfor-
manceover a wide rangeof applications.Eddy-viscositycoef� cients
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may be obtained by a direct dependence on mean � ow quantities
(algebraic), or by solvingauxiliary � eld equationsfor combinations
of the turbulent velocity and time scales, which account for history
effects of the � ow.

Models that prescribe transport equations for each component of
the turbulent stress tensor offer the highest level of generality that
is available for the solution of mean � ow equations. These models
eliminate the assumption of a direct proportion between turbulent
stresses and the mean strain rate and account for anisotropy. Many
unknown turbulent quantities, however, are required for a complete
description of the transport equations, and these are generally ob-
tained by assuming that the turbulence is locally homogeneousand
in equilibrium. Moreover, computing cost and numerical stability
problems associated with solving these equations1 makes their ap-
plication in complicated situations impractical.

Although eddy-viscositymodels perform well for many types of
� ows, they fail to adequately describe a number of physical phe-
nomena including streamline curvature, rotational strains, buoy-
ancy, strong adverse pressure gradients, and turbulent anisotropy.
An approach that attempts to alleviate these shortcomingsadoptsan
explicit nonlinearconnectionbetween the turbulent stressesand the
rate-of-strain and vorticity tensors of the mean � ow. Based on the
analysis of Pope,2 who employed the Reynolds-stress equation of
Launder et al.3 along with the algebraic form of Rodi,4 these mod-
els are commonly used in conjunctionwith two subsidiarytransport
equationsand have the potential for improved performancewithout
the complexityor computationaloverheadassociatedwith complete
Reynolds-stress equations.

Several nonlinear eddy-viscositymodels have been proposed,5– 8

but currently there are three popular variants of the explicit alge-
braic Reynolds-stress description.9 These consist of the models
due to Gatski and Speziale,1 10 13 to Shih et al.,14 and to Craft
et al.15 16 Whereas some transonic solutions have been reported
for the Gatski–Speziale1 12 13 representation, most applications of
thesemodels havebeen for subsonic � ows. And althoughclosure of
the models is highly predicated on incompressible results, the ba-
sic formulation, particularly that of the auxiliary equations, should
remain valid for external Mach numbers less than � ve.13

The purposeof the presentwork is to provide a critical evaluation
of explicit algebraic Reynolds-stress turbulence models for sepa-
rated supersonic � ows. This is done by performingcomputationsto
simulate two fundamentalcon� gurationsconsistingof the impinge-
ment of an oblique shock wave with the boundary layer over a � at
surfaceand of the � ow past a 24-deg, two-dimensionalcompression
ramp. The � ow� elds, shown schematically in Fig. 1, are character-
ized by inviscid/viscous interactionsproducingstrong adversepres-
suregradientsand substantialregionsof reversestreamwisevelocity
and represent situationswhere isotropiceddy-viscositymodels typ-
ically fail to adequatelyreproducemany physicaldetailsof the � ow.
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Table 1 Designation of turbulence models

Model Closure Designation

Baldwin–Lomax17 Algebraic (zero-equation) BL
Jones–Launder18 19 Two-equation (k– ) JL
Speziale–Abid 11 Two-equation (k– ) SA
Gatski–Speziale 1 10 13 Algebraic Reynolds stress GS-ARS
Shih–Zhu–Lumley 14 Algebraic Reynolds stress SZL-ARS
Craft–Launder–Suga 15 16 Algebraic Reynolds stress CLS-ARS

Fig. 1 Con� guration for the shock/boundary-layer interaction and
compression ramp � ows.

In addition to the aforementioned turbulent stress models, the
widely usedBaldwin–Lomax 17 algebraiceddyviscosityand the k–

formulationsof Jonesand Launder18 19 and Speziale and Abid11 are
also considered for comparison. It is convenient to devise a nota-
tional designation for each model, which may be found in Table 1.
The governingequationsand numerical procedureare summarized,
and details of the computationsare presented.Grid resolution stud-
ies areprovidedin each case to ensurenumericalaccuracy.Solutions
from all models are compared to each other and with existing ex-
perimental data for surface pressure and-skin friction distributions
and off-surface pro� les of mean velocity and components of the
Reynolds-stress tensor.

Governing Equations
The governing equations were taken to be the unsteady two-

dimensional compressible mass-averaged turbulent Navier–Stokes
equations, written in nondimensional variables and expressed in
strong-conservationform. Effects of turbulencewere accounted for
by specifying a turbulent Prandtl number of 0.90 and by use of an
effectiveviscositycoef� cient for thealgebraicand two-equationclo-
sures, or by contributionsto the Reynolds-stresstensor. The Suther-
land law for the molecular viscosity coef� cient and the perfect gas
relationship were also utilized, and Stokes’ hypothesis for the bulk
viscositycoef� cientwas invoked.Complete detailsof the governing
equations and associated boundary conditions, including those for
k– forms and Reynolds-stressmodels, are documented in Ref. 20
but have been omitted here for brevity.

The Jones–Launder (JL) k– model, which has been applied to a
number of supersonic � ow problems,21– 25 includes low-Reynolds-
number terms to improve near-wall modeling and does not require
the use of any prede� ned length scales. In addition, because the
equation for is formulated in terms of the difference between the
dissipation rate of the turbulent kinetic energy and that of homo-
geneous turbulence, both k and vanish at solid surfaces, thereby
facilitating application of boundary conditions for � ows about ge-
ometrically complex con� gurations. Although the Speziale–Abid
(SA) model containsno low-Reynolds-numberterms, it is designed
to remove the singularity in the dissipation rate equation at solid
surfaces, so that the k– equations may be integrated directly to
wall boundaries.1 11 13

For certain supersonicapplications, it has been useful to include
corrections to the k– equations that account for dilatation–

dissipation and/or pressure–dilatation � uctuation. Often, such cor-
rections can degrade performance in near-wall regions of attached
� ows9 and, thus, were not incorporatedin the present computations.

In principle, each algebraic stress model can be used in conjunc-
tion with any suitable two-equationrepresentation.However,model
originators have assigned speci� c k– forms that then determine

the choice of constants, parameters, and functionsfor their use. The
SA k– equationsare associatedwith the Gatski–Spezialealgebraic
Reynolds-stress(GS-ARS) model. It is recommendedthat the Shih–

Zhu–Lumley algebraic Reynolds-stress(SZL-ARS) model be used
together with a standard high-Reynolds-number form of the k–

equations.14 This implementationprecludes integrationof the equa-
tions directly to solid boundaries and necessitates the use of wall
functions. As an alternative, the SA k– equations were combined
with the SZL-ARS model to provide a consistent treatment of the
wall-bounded� ows considered here. Apart from the mentioned re-
moval of the singularity in the equation at solid surfaces and a
slight variation in one constant, the SA model is identical to the
standard high-Reynolds-number k– form. The suitability of this
approach was validated by computation of several � at-plate � ows.

The Craft–Launder–Suga algebraic Reynolds-stress (CLS-ARS)
model employs the JL k– set with a modi� ed low-Reynolds-
number term. A length-scale correction is also utilized to enhance
near-wall performance in separation and stagnation regions.16 Note
that the GS-ARS and SZL-ARS models are second-order closures
containing Reynolds stresses, which are quadratic in the strain rate
and vorticity,whereas the CLS-ARS model includesthird-ordercu-
bic terms.

Numerical Procedure
Steady-state solutions to the governing equations were obtained

numericallyby the implicit approximately factored � nite difference
algorithmof Beam and Warming,26 which hasevolvedas an ef� cient
tool for generatingsolutions to a wide variety of complex � uid � ow
problems. First-order accurate Euler-implicit time differencingwas
used to represent temporal derivatives. Inviscid � uxes considered
in the explicit portion of the algorithm were evaluated by Roe’s
upwind-biased scheme27 using the MUSCL approach28 with van
Leer’s harmonic limiter29 to achieve third-order spatial accuracy.
Second-orderaccurate centraldifferenceswere used to approximate
viscous terms.

The implicit segment of the algorithm employed second-order
accurate centered differencing for all spatial derivatives and incor-
poratednonlineararti� cial dissipation30 to augment stability.As the
steady state is approached, degradation in the solution due to arti-
� cial dissipation becomes negligible. Only the contributionsof the
Reynolds stresses to the mean � ow equations that are linear in the
strain rate were treated implicitly.

Solutions to the k– equations were decoupled from the Navier–
Stokes equations by lagging their values from the mean � ow vari-
ables. In addition, k and were uncoupled from each other by also
evaluating source terms explicitly. It has been shown that this tech-
nique is effective for a number of practical � ow applications.22 – 25

For some computations, Newton-like subiterations31 were used to
augment stability and relieve stiffness associated with solution of
the k– equations.

Stated features of the numerical algorithm are embodied in an
existing fully vectorizedcomputer code FDL2DI, which has proven
to be reliable for both steady and unsteady Navier–Stokes calcula-
tions. After installation of each stress model in the code, validation
was performed by comparing skin-friction and velocity pro� les in
the logarithmic region with theoreticalvalues for both subsonicand
supersonic � at-plate � ows.

Results
Experimentalconditionsfor theshock/boundary-layerinteraction

and compressionramp � ows are providedin Table 2. These con� gu-
rationswere selectedas representativeexamplesof basic supersonic
situations in which streamwise separation is present. Because less
turning of the � ow occurs for the shock/boundary-layerinteraction,
considerationof both � ows may be useful in assessing the ability of
the turbulencemodels to correctlyaccount for streamlinecurvature.

Shock/Boundary-Layer Interaction
Measurements of the shock/boundary-layer interaction experi-

ment are detailed in a series of investigations that are reported in
Refs. 32–35. These data have previouslybeen used for performance
assessmentof zero-, one-, and two-equationmodels of turbulence.36
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Table 2 Flow conditions

Case M Re T

Shock/boundary layer 2.90 5 73 107 /m 2.682
Compression ramp 2.94 3 75 107 /m Adiabatic

Fig. 2 Effect of grid resolution on the surface static pressure distribu-
tion of the SA solution for the shock/boundary-layer interaction.

To establishpro� lesof dependentvariablesat theupstreamin� ow
boundaryof the computationaldomain, � at-platesolutionswereob-
tained for all turbulence models. From the plate leading edge, the
streamwise extent of these calculationswas taken to be suf� ciently
long so thatboundary-layerpro� les correspondingapproximatelyto
those of the experiment could be obtained. The displacement thick-
ness and momentum thickness were used as criteria to evaluate
the pro� les.For any speci� c turbulencemodel, it was not possibleto
simultaneouslyobtain values of and that coincided with those
of the experiment. Pro� les were selected at streamwise locations
on the plate at the midpoint between those stations where numer-
ical values of matched the experiment and those where was
matched. Computed values of and deviate from the experiment
by less than 3.5% for each model. Mach number pro� les from the
� at-plate solutions are compared to experimental measurements32

for theundisturbed� owupstreamof theinteractionregioninRef. 20.
Because of the simplicity of the con� guration, a Cartesian mesh

consisting of 711 121 points in the streamwise and vertical di-
rections, respectively,was constructed about the interaction region.
The grid spacing was uniform in the streamwise direction with

x 7 61 10 4 and at the wall y 10 6 . This resolution re-
sulted in a value of y 0 4 at the � rst mesh point above the solid
surface in the upstream pro� les for all turbulencemodels. Geomet-
ric stretching was employed away from the wall to a distance of
y 0 16. An oblique shock wave was initiated at a distance of
10 x-grid lines downstream from the forward boundary at the top
of the computational domain, by specifying oblique-shock turning
conditions for the dependent variables corresponding to a wedge
angle of 13 deg. This duplicated the experimental con� guration,
which employed a shock generator with the same angle. The origin
of the coordinate system was selected as the point where the inci-
dent oblique shock wave intersects the wall (see Fig. 1), based on
inviscid theory, consistent with the experimental description.

Flow� elds were initialized using the upstream pro� les for each
turbulence model and integrated in time until the steady state was
attained. It was established that this condition had been achieved
by monitoring the total variation in all variables over the entire
computationaldomain, as well as surface pressureand skin friction.
To study the adequacy of spatial resolution, solutions for all models
were also computed on a 356 61 grid, which was formed by
removing every other point in each coordinate direction from the
711 121 mesh. Surface pressure distributionson both grids for

the SA model are presented in Fig. 2. These results were displayed
becausethey exhibitedthe largestvariationbetweensolutionson the
two meshes for any of the models considered. In particular, on the
scale of Fig. 2 no differencebetween results on these grids could be
discerned for any of the algebraic-stressmodels. Other quantities,
such as skin friction and mean velocity, showed grid sensitivity that
was similar to that of the pressure. The results to follow are from
� ne-grid computations.

Fig. 3 Surface static pressure distributions for the shock/boundary-
layer interaction.

Fig. 4 Skin-friction coef� cient distributions for the shock/boundary-
layer interaction.

Surface pressure distributions are compared to experimental
data32 in Fig. 3. The Baldwin–Lomax (BL) model is seen to perform
poorly, which is typical for such � ows. Both the JL and SA models
providebetter results than the BL model, though neither is outstand-
ing. Of the stress models, the GS-ARS has the best performance.
All of the stress models generate a larger upstream interaction than
indicated in the experiment. Note that the GS-ARS solution, used
in conjunction with the SA k– equations, compares slightly less
favorably with the data than does the SA result alone.

Corresponding skin-friction distributions,32 where C f has been
normalized by its upstream undisturbed value, are shown in Fig. 4.
Here it is seen that the JL model closely duplicates the length of the
separationregion, but poorly predicts the downstream recovery.All
other models generate regions of reversed � ow that are larger than
those of the experiment, especially upstream of x 0. The CLS-
ARS model appears to best simulate the behavior downstream.

Because the streamwise extent of � ow separation was not well
representedby the majority of the models, detailedpro� le measure-
ments at � xed x locations cannot be expected to compare favorably
with the computations.Mean streamwise velocitypro� les34 are dis-
played in Figs. 5 and 6. As anticipated,only the JL model provides
satisfactoryagreementwith thedataover theentirerangeof thecom-
parison. The large vertical extent of the boundary layers generated
by other models is apparent. Of the Reynolds-stress formulations,
the GS-ARS model producedthe best results,particularlyfor x 0.

Pro� lesof theReynolds-stresscomponentu u (Ref. 34) aregiven
in Fig. 7. It is evidentthat thenear-wallbehaviorat upstreamstations
is not well simulated by any of the models. Downstream, the GS-
ARS model performsbetter than the others.At x 0 043,all models
agreewith thedataas equilibriumconditionsare approached.Corre-
spondingpro� lesof (Ref. 33)wereonly measuredat the � ve sta-
tions indicated in Fig. 8. Once again, the GS-ARS model compares
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Fig. 5 Mean velocity pro� les at upstream stations for the shock/
boundary-layer interaction.

Fig. 6 Mean velocity pro� les at downstream stations for the shock/
boundary-layer interaction.

Fig. 7 Pro� les of u u for the shock/boundary-layer interaction.

reasonably well with the data. Solutions from the isotropic eddy-
viscositymodels (BL, JL, SA) producedvalues of u u and that
were considerablysmaller than those in Figs. 7 and 8. Consequently,
these pro� les could not be observed in the � gures and, therefore,
are not presented.

Compression Ramp
Flow conditions for the 24-deg compression ramp experiment of

Kuntz et al.37 are given in Table 2. Complete results of the laser
Doppler velocimetry measurements are available in the database
of Ref. 38. Similar to the shock/boundary-layer interaction, � at-

Fig. 8 Pro� les of v v for the shock/boundary-layer interaction.

Fig. 9 Effect of grid resolution on the surface static pressure distribu-
tion of the SA solution for the compression ramp.

plate computationswere performed to obtain pro� les of dependent
variablesat theupstreamin� ow boundary.Experimentalvaluesof
and were again used to establish acceptablenumerical pro� les. In
this instance, the undisturbed� ow experimentaldata were collected
at the corner streamwise location, but with the ramp angle set to 0
deg. As noted earlier, experimentalvaluesof both and could not
be duplicated simultaneously,but the computed values were within
6.8% of the data for all models. Velocity pro� les and Reynolds-
stress components from the � at-plate calculations are compared to
experimental surveys in Ref. 20.

For the compressionramp computations,a simple shearedCarte-
sian 701 121 grid was used to representthe interaction� ow� eld.
The origin coincidedwith the ramp corner location, and the domain
was de� ned by 0 1 x 0 1. At the wall surface, y 10 6 , and
stretchingestablishedthe upper boundaryat a distance y y 0 5.
Uniform streamwise spacing with x 2 5 10 4 was employed
for the upstream 75% extent of the domain. Downstream, a slight
stretching to the out� ow boundary was utilized. The undisturbed
pro� les for all turbulencemodels had a value of y 0 3 at the � rst
mesh point above the wall.

In� ow pro� les of dependent variables were extracted from the
� at-plate solutionsat the distance ahead of the selected undisturbed
� ow locations that corresponded to the relative position of the up-
stream boundary.Solutions for all turbulencemodels were obtained
on both the 710 121 and a 351 61 grid system. Surface pres-
sure distributions computed on both meshes for the SA model are
presented in Fig. 9. This model was again used to indicate grid sen-
sitivity because it resulted in the most variation between solutions
on the two meshes. As in the shock/boundary-layer interaction, no
differences in solutions on the two grids was observed for any of
the algebraic-stressmodels.

Surface pressuredistributionsfor all turbulenceclosures are seen
in Fig. 10. Here, the SA model compares quite well with the ex-
perimental data. The comparison is less favorable for the GS-ARS
result, which performs similar to the BL model. Both the SZL-ARS
and CLS-ARS solutions compare poorly with the measurements.
Figure 11 presents corresponding distributionsof the skin friction.
Only surface streak patterns, indicating the points of separationand
attachment, were obtained experimentally for this con� guration. It
is noted in Fig. 11 that the JL solutionunderpredictsthe length of the
reversed� ow regionand that theSA result onlyslightlyoverpredicts
this distance. All other solutions have a greater streamwise extent
of separation.
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Fig. 10 Surface static pressure distributionsfor the compression ramp.

Fig. 11 Skin-friction coef� cient distributions for the compression
ramp.

Fig. 12 Mean velocity pro� les at upstream stations for the compression
ramp.

Mean velocity pro� les at several locations are shown in Figs. 12
and 13. At the two most upstream stations, x 0 035 and 0 015,
both the SA andGS-ARS solutionscompare favorablywith the data.
The comparison for these models is also favorable at the last two
downstream stations, x 0 035 and 0 040. This can be attributed
to the fact that these solutions most nearly reproduced the length
of the separated � ow region. For x 0 025, the SZL-ARS result
in the outer portion of the boundary layer resembles the data, but
does not agree with it very well near the wall. When x 0 015, the
CLS-ARS pro� les are much like those of the experiment, but with
a different vertical displacement. Performance of the BL model is
comparable to that of the SA and GS-ARS formulations.

Fig. 13 Mean velocity
pro� les at downstream
stations for the compres-
sion ramp.

Fig. 14 Pro� les of u u for the compression ramp.

Fig. 15 Pro� les of v v for the compression ramp.

Shown in Fig. 14 are pro� les of the u u Reynolds-stress com-
ponent. At the x 0 035 station, the GS-ARS solution agrees
well with the data, and it also has comparable qualitative behav-
ior for x 0 015. The CLS-ARS result appears similar in shape
to the experiment at the last three downstream stations, but does
not agree with it quantitatively. Corresponding pro� les of the
component may be found in Fig. 15. As was also the case for the
shock/boundary-layer interaction,pro� les of u u and from the
isotropic eddy-viscosity models have been omitted from Figs. 14
and 15 because of the small magnitude of their values.

The � nal Reynolds-stress component u is given in Figs. 16
and 17. Once more, the comparisonof all models with the measured
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Fig. 16 Pro� les of u v at upstream stations for the compression
ramp.

Fig. 17 Pro� les of u v at downstream stations for the compression
ramp.

data is poor at every streamwise location. Only the CLS-ARS solu-
tion duplicates the observedchange in sign of u with increasing
vertical distancefrom the wall. The isotropiceddy-viscositymodels
all have very similar behavior, particularly downstream.

Summary and Conclusions
A comprehensive study was performed to evaluate the perfor-

mance of three explicit algebraic Reynolds-stress turbulence mod-
els for the simulation of supersonicseparated � ow� elds. Numerical
solutionswere obtained for a shock/boundary-layer interactionand
for the � ow past a 24-deg compression ramp, both of which ex-
hibit large regions of reversed streamwise velocity. Grid resolution
studies were performed to assure numerical accuracy of the results,
and solutions were compared with each other, with computations
employing standard zero-equationand k– models, and with exper-
imental data.

In terms of surfacepressureand skin friction, the GS-ARS model
was clearly superior to the other stress formulations. Its perfor-
mance, however,was slightlyworse than the SA k– representation.
The GS-ARS solutions also provided the best comparison with ex-
perimental mean velocity measurements.Again though, this agree-
ment was not better than the JL model for the shock/boundary-layer
interaction or the SA model for the compression ramp.

The u u Reynolds-stresscomponent was poorly predicted by all
stress models in the near-wall region for the shock/boundary-layer
interaction (Fig. 7) and near 0 1 0 for the compression ramp
(Fig. 14). Generally, the numerical levels are too low in these areas,
indicating excessive turbulence energy dissipation. Predictions of

are typically higher than measured values, but this component
provides a much smaller contribution to the overall turbulence ki-
netic energy.These results indicate that some essential physicsmay

not be replicated well by the explicit algebraic stress formulation.
It is believed that at least some of this de� ciency is inherent in the
dissipation rate equation of the basic k– representation associated
with each model.

No attempt was made to alter any of the models from their ba-
sic formulations. Some optimization of model speci� c constants or
functions may be possible for supersonic applications,but that was
consideredto bebeyondthe scopeof thepresentinvestigation.There
is some evidencethat turbulenceproductionlimitationor compress-
ibility correctionmay be usefulunder certain circumstances.For the
forms consideredhere, however, it was found that the explicit ARS
models provided little improvementover other existing closures for
the simulation of supersonic � ows with separation. This may not
necessarily be true for other practical � ows of engineering interest.
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